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ABSTRACT. We investigate the algebraic and Galois structures of tor-
sion fields generated by elliptic curves of the form E : y? = 2 + D,
which admit complex multiplication by the ring of Eisenstein integers
Z|w]. Unlike the classical quartic symmetry collapse observed in curves
with Gaussian multiplication, the presence of a sixth root of unity (s
introduces a hexic symmetry variation in the associated division ideals.
We establish recursive relations for the corresponding Eisenstein division
polynomials ¢, for @ € Z[w] and analyze the conditions under which
these polynomials yield irreducible Eisenstein configurations over Q(w).
Finally, we outline the structural obstructions to achieving direct cyclic
transitions in the associated z-coordinate splitting fields.

1. INTRODUCTION AND ENDOMORPHISM STRUCTURE

Let E be the elliptic curve defined by y? = 22 + D over Q, where D €
Z \ {0}. This family of curves admits complex multiplication by the ring of

Eisenstein integers Z[w|, where w = €*™/3 = _1%“@ The automorphism
group Aut(F) is cyclic of order 6, generated by the hexic map:

In this paper, we generalize the classical division polynomial machinery to
track the arithmetic of the Z[w]-torsion submodules E[a] for algebraic primes
a € Z|w]. We focus on characterizing the unique structural transitions that
occur when the standard coordinate collapse x(P) = z(—P) interacts with
a six-fold symmetry rather than a four-fold symmetry.

2. BEISENSTEIN DIVISION POLYNOMIALS

For an element @« = n + mw € Zw], the multiplication-by-a map [«]
cannot be represented as a simple rational function of x alone due to the
action of w rescaling the underlying coordinate plane by non-units.

We construct the composite ideal polynomial ¥, € Z[w][x] associated
with the decomposition [a]P = [n]P + [m|([w]P).

2.1. The Recurrence Hurdles. Because w? = 1, the leading terms of the
corresponding division ideals do not scale cleanly with the norm N(«a) =
n? —nm + m? in the same manner as the Gaussian integers. Instead, they
form alternating weight classes based on the residue of a (mod 3).
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3. HEX1IC SYMMETRY AND GALOIS DEGREE OBSTRUCTIONS

In the case of y?> = 2> + z, the map z([i|P) = —z directly implied that

1= (x) was an even polynomial, easily enabling the factorized form H(mQ—:UJQ)

and cutting the splitting field degree precisely in half to £ (N (7) — 1).
For y? = 23 + D, the action of the automorphism yields:

z([w|P) = wez. (3.1)

Consequently, the roots of the Eisenstein division polynomials are closed un-
der multiplication by w. This structurally implies that ¢, (x) is a polynomial
in 23, leading to a core factorization of the form:

Yolx) = [J(2* - 23). (3.2)

3.1. The Galois Consequences. Because the coordinate collapse wraps
around three roots instead of two, the field extensions generated by the
z-coordinates do not collapse by a factor of 2, but rather by a factor of
3 or 6 depending on the ramification behavior of the prime ideal («) over
Q(w). This presents a distinct obstruction to proving direct cyclicity using
standard 1-dimensional vector space frameworks.

4. COMPUTATIONAL FRAMEWORK AND CONJECTURAL BOUNDS

Using a custom symbolic array in SymPy, we calculate the explicit forms
of ¥, for low-norm primes such as « =2+ w (N(a) =3) and a =3+ w
(N(a) = 7). We evaluate the intermediate coefficient divisions to establish
structural bounds for an generalized Eisenstein criterion over Z[w].
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