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Abstract

This thesis explores the arithmetic and geometric properties of torsion points on elliptic
curves, with a specific focus on curves admitting complex multiplication by the ring of
Gaussian integers, Z[i|. We begin by establishing the foundational algebraic geometry of
elliptic curves, utilizing the Riemann-Roch theorem to derive the general and short-form
Weierstrass equations. After defining the geometric group law and the analytic isomorphism
between the complex torus C/A and the curve F(C), we provide a rigorous treatment
of the torsion subgroup structure. The core of this work focuses on the construction and
factorization of division polynomials. For the specific curve y*> = 2® + x, we derive
explicit multiplication-by-m maps for Gaussian integers m = n + ¢m. We demonstrate that
the composite division polynomial satisfies ¥, = 11> within Z[i|[z]. By applying the
Eisenstein criterion over the Gaussian integers for, for primes p, 77 = p = 1 (mod 4),
we show that the Galois group of the field extension of Q(¢) generated by coordinates of
m-torsion points in £ is cyclic of order p — 1. These theoretical results are further supported

by computational implementation in Python.

il



Contents

[Abstract

[List of Figures|

[List of Tables|

(1

Preliminaries on Elliptic Curves|

(1.1 Derivation of the Weierstrass Equation| . . . . . . . ... .. ... .....

(1.1.2 Deriving the Weierstrass Equation| . . . . . . ... ... ... ...

(1.2 Projective Coordinates| . . . . .. ... .. ... ... .. ... ...,

(1.2.1 The Pomtat Infimty|. . . . ... ... ... ... ..........

(1.3 The GroupLaw| . . . . . .. .. ... .. . .

1.3.1 metric Addition|. . . . . . ...

2.1 Division Polynomuals| . . . . . . ... ... ... ... ... ... ...

2.2 Multiplication-by-n Map| . . . . . ... ... . oo

2 Division Polynomials and Torsion Structure]
3 Complex Multiplication and Special Maps|

(3.1 Derivation of the Gaussian Integer Multiplicatton Map, . . . . . . ... ..

3.1.1 DervationofW_and®_| . . . . ... ... .. ... ...

[3.2  Arithmetic Properties and the Eisenstein Property| . . . . . . .. ... ...

iii

ii

11
11
16



Contents

4 Abelian Extensions of Q(7)|

.1  The Division Polynomial and z-Coordinate Extensions| . . . . . . ... ..

4.2 The Full Abelian Extension via the y-Coordinate] . . . . . ... ... ...

A Computational Implementation|

[A.1 Python Script for Division Polynomials|

[A.2  Computational Results| . . . . .. ...

B Properties of the Weierstrass p-function|

v

30
30
33

38
38
41
41

43

45



List of Figures

(1. Locus of a connected ellipticcurve.| . . ... ... ... ... ... .... 5
(1.2 Locus of a two component ellipticcurve.|. . . . . . ... ... ... .... 6
(1.3 Group addition on a curve with threeroots.| . . . . .. .. ... ... ... 7
(1.4 Torus C/A with fundamental parallelogram.| . . . . . .. ... ... .... 10

List of Tables

[A.1 Table of small factorizationsof W . . . . . . . . . ... ... ... ..., 42




Chapter 1

Preliminaries on Elliptic Curves

Before studying the arithmetic of torsion points of such curves, we must establish their
geometric foundations. We begin by deriving the equation of the curve using the Riemann-

Roch theorem, then explore the group law of these curves.
1.1 Derivation of the Weierstrass Equation

Since the central topic of this paper discusses Gaussian torsion points of elliptic curves, it
may be helpful to define what we mean by anelliptic curve. An elliptic curve E has the

typical definition as:

Definition 1.1. An elliptic curve is a non-singular projective algebraic curve of genus one,

with an identity point O.

Often these curves are encountered as cubic equations in the plane. However, their

structure comes from a deeper theory of algebraic curves.

1.1.1 The Riemann-Roch Theorem

The Riemann-Roch theorem is the fundamental link between a curve’s topological genus
and its algebraic properties. It allows us to determine the dimension of the space of rational
functions that have poles of a limited order at specific points.

A divisor on C' is a sum of points

D=> npP,
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where all but finitely many np are zero.

Let C' be a non-singular projective curve over an algebraically closed field F'. For a
divisor D on C, let L(D) denote the space of rational functions f such that (f) + D > 0.
The dimension of this space is denoted by /(D). The Riemann-Roch theorem relates this

dimension to the degree of the divisor and the genus of the curve.

Theorem 1.2 (Riemann-Roch). Let K be a canonical divisor on C. Then for any divisor D:
(D) —4(K — D)=deg(D)—g+1 (1.1)

Proof. A full proof of this theorem is beyond the scope of this thesis; however, a classical

proof can be found in [Ful69]], and a more modern proof can be found in [Har77]. OJ

To utilize the Riemann-Roch theorem, we must account for the term ¢(K — D), where
K is a canonical divisor. Geometrically, a canonical divisor K is the divisor associated with
a non-zero meromorphic differential form w on the curve C. It tracks the zeros and poles of

w, and its degree is a property of the curve it is defined on:
deg(K) =29 — 2. (1.2)

For an elliptic curve, the genus is g = 1, which implies deg(K) = 2(1) — 2 = 0. This
vanishing degree is a powerful simplification. Because any divisor D with deg(D) > 0
(such as our choice of D = n(Q) results in a divisor K — D with a negative degree, and
since no non-zero rational function can have a divisor of negative degree, we find that

((K —nQO) = 0. This allows us to reduce the Riemann-Roch formula to the linear relation
{(nO) = n,
which we use to construct the basis functions for the Weierstrass equation.

1.1.2 Deriving the Weierstrass Equation

We fix the point O € F to serve as the identity element. We examine the spaces £(nQO),

consisting of functions with a pole at O of order at most n. We use the simplified Riemann-
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Roch result from before, we construct a basis for functions on the curve: We now construct

a basis for functions on the curve:

* n=1: {(O) = 1. The only functions with no poles (or a pole of order 0) are constants.

Basis: {1}.
* n = 2: {(20) = 2. We introduce a function z with a pole of order exactly 2 at O.

Basis: {1,x}.

e n = 3: {(30) = 3. We introduce a function y with a pole of order exactly 3 at O.
Basis: {1, z,y}.

The Linear Dependence

Consider the space for n = 6. By our formula, ¢(60) = 6. However, we can form the
following seven functions using powers of x and y, all of which have pole orders less than

or equal to 6:
{1,2,y,2% 2y, y* 2%}

Since there are 7 vectors in a 6-dimensional space, they must be linearly dependent. Thus,

there exist constants a; such that:
y2 + a1y + asy = asz + asx® + asr +ag, a; € F. (1.3)

Where F' is some algebraically closed field. This is the general Weierstrass equation. By

rescaling variables (assuming char F' # 2, 3), we obtain the short form:
v =2>+ax+b, abeF (1.4)
1.2 Projective Coordinates

The equation (T.4) describes the curve in the affine plane A?. However, elliptic curves are
projective varieties [S1109], meaning they must be closed and compact. The affine model is

missing the point O (the pole of x and y).
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To include this point, we embed the curve in the projective plane P? using homogeneous

coordinates [X : Y : Z]. The relationship to affine coordinates is:

X y
€r = — e —
AR

Here, Z acts as the homogenizing variable. Substituting these into (1.4)) yields:

)= (2) ()

Multiplying through by Z3 to clear denominators gives the homogeneous Weierstrass
equation:

Y2Z = X3+aXZ?+ 073 (1.5)

1.2.1 The Point at Infinity

The “missing” point O corresponds to the location where Z = 0. Setting Z = 0 in the
homogeneous equation:

V(0) =X = X=0

In projective space, coordinates cannot be simultaneously zero, so Y # 0. We normalize to
get the unique point at infinity:

O=[0:1:0]

This is the geometric realization of the abstract point O used in our Riemann-Roch derivation.
This is what we will use as the identity element for all curves in this thesis. The importance
of this point is so that this is the only point we must consider as a three dimensional point,
all other points in this paper will be z, y points but we must always remember O because it

is not realized in the short Weierstrass equation.
1.3 The Group Law

A feature of elliptic curves is that their points form an abelian group (equivalently a Z-

module and in|{Chapter 3|we find some curves form Z[i|-modules). To visualize this, consider
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the curves £ : > = 23 — x and C : y*> = 2® + 2. Notice that C' has one root and E has

three, these curves will look different on the plane, but their groups remains unaffected. The

real loci in[Figure 1.1|and |[Figure 1.2|on the following page give us a examples of what two

elliptic curves look like.

4 -
Yy
2 |
| X
-2 —1 1 2 3

_2 1
_4 1

— =242

Figure 1.1: Locus of a connected elliptic curve.

1.3.1 Geometric Addition
For two points P, () € FE, the sum P + () is defined geometrically:
1. Draw the line connecting P and () (the secant line).

2. Let P x () be the third point of intersection which counting multiplicity is guaranteed

by the fundamental theorem of algebra.
3. Reflect P x () across the x-axis to obtain P + ().

This process is illustrated in [Figure 1.3[on page |/l Notice that even though the curve
has two separate components (because it has three real roots), the group law functions

seamlessly across them.
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41

— =23 g

Figure 1.2: Locus of a two component elliptic curve.
Explicitly, on a curve given by the Weierstrass equation C' : y* = 2® + ax + b, and

P.Q e C,if P = (zp,yp) and Q = (xg, yg), the coordinates of P + () are given by the

algebraic formulas:

=TI (pa),

T —Xp
Tpig =N —xp— 70,
YrP+Q = ANzp — 33P+Q) —Yp.
If P = () you follow the same procedure as before although since there is no secant line

you must use implicit differentiation to find:

_31:2+a
— %

A (P =Q).

From this we can define a map [2] : C' — C which sends P — [2|P = P + P, is called

the point doubling map and the formula:

B x* — 2ax? — 8bx + a?

=(2P) = 423 + dax + 4b (1.6)

is called the point doubling or duplication formula.
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— Curve F
--- Secant Line

Figure 1.3: Group addition on a curve with three roots.

1.4 Structure of the Torsion Subgroup

Looking at the point doubling formula found in the previous section, we can find points
of order two. A point of order two is a point P such that [2]P = O; equivalently the
set of two torsion points is the kernel of the map [2]. On the curve y?> = 2° — z the
points of order two are found by finding the roots of 423 — 4x. Factoring this we find
43 — 4z = 4x(x + 1)(z — 1). Thus the x coordinates are z = —1, 0, 1. Plugging into the
curve equation we find that y = 0 for each x. Additionally, [2]O = O, Thus we have found

all two torsion points of the curve C,

C[2] ={0,(-1,0),(0,0),(1,0)}.

In this case we have a group of order 4. There are only two unique groups of order 4, Z /47

and Z /27 x 7./ 2Z. each element is of order two (by definition), so it must be isomorphic to
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the Klein four-group. So we have shown that
C[2] 2 7Z/27 x 7./ 27.

The following theorem is the topic of this section and will give us insight into what all other

torsion groups look like.

Theorem 1.3 (Structure of the Torsion Subgroup over C). Let E be an elliptic curve over C

and let n be a positive integer. The subgroup of n-torsion points E|n| satisfies:
En| =2 Z/nZ x Z/nZ.

To understand the group structure of £, we first examine the analytic properties of the
Weierstrass g-function. Given a lattice A C C generated by a basis {w;, ws }, the p-function

1s defined as follows:

Definition 1.4 (Weierstrass p-function).
1 1 1
“A) = — E -
p('z? ) ~2 + ((Z—W)g w2)
weA\{0}

The function p(z) is a meromorphic, doubly periodic function with respect to A, meaning
o(z +w) = p(z) for all w € A. Tt has a pole of order 2 at each lattice point and is even.

This periodicity implies that g is essentially a function defined on the quotient space C/A.

These properties are proven in on page 43|

The connection between this analytic construction and the algebraic geometry of elliptic
curves is given by the map =:
Proposition 1.5. The map = : C/A — E(C) defined by

() = {(p(zw(z)) iz ¢ A
@) ifrel

is an isomorphism of abelian groups.
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Proof. To establish that = is a group isomorphism, we verify three key properties: well-
definedness, the homomorphism property, and bijectivity.
1. Well-definedness: The Weierstrass p-function and its derivative satisfy the algebraic

relation:
(¢'(2))* = 4p(2)° — ap(z) — b

for all z € C\ A. By definition, the image of any point z ¢ A under = satisfies the
affine equation of the elliptic curve E. Since Z(A) = O (the point at infinity), the map is
well-defined from the quotient C/A to E(C).
2. Group Homomorphism: We must show that =(z; + z2) = =(z1) + =(22), where the
right side follows the group law on £, and the left is the usual addition for complex numbers.
Recall that P, + P, + P35 = O on an elliptic curve if and only if the points are collinear.
Consider the elliptic function f(z) = ¢/(z) — mp(z) — ¢, where y = mx + c is the line
passing through =(z;) and =(z3). The function f(z) has a triple pole at z = 0 and three
Zeros at zq, 29, and a third point z3. According to the theory of elliptic functions, the sum of
the zeros of a meromorphic function on a torus must be congruent to the sum of its poles

modulo the lattice. Thus:

21+ 20+23=0 (mod A)

This geometric alignment on the torus corresponds exactly to the collinearity condition on
the curve, ensuring that = preserves the group operation.

3. Bijectivity: For any x € C, the function g(z) = p(z) —x is an elliptic function of order 2,
meaning it takes the value x exactly twice in the fundamental domain (at some 2, and —z).
Since ' (z) is an odd function, ¢'(zy) and ' (—zg) provide the two possible y-roots for the
cubic y? = 423 — ax — b. This ensures that every point (z, ) on the curve has a unique

preimage z € C/A. Combined with Z(0) = O, we conclude that = is a bijection. O

Under the isomorphism Z, the n-torsion subgroup E[n] corresponds exactly to the n-

torsion subgroup of the torus, (C/A)[n|. These are points on the fundamental parallelogram
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shown in A point z + A is an n-torsion point if and only if nz € A. This requires:

a
nz =awi +bwy — z = —w; + —ws
n n

for some integers a, b. Distinguishing these points modulo A, we obtain the set:

(C/A)[n] = {gwl —l—ﬁwz—i—A 0<a,b< n}
n n

1

This set is generated by the two independent elements —-w; and %wg, both of order

n. Consequently, the group structure is (C/A)[n] = Z/nZ x Z/nZ. Since = is a group

isomorphism, it follows immediately that £/[n| shares this structure. Thus [Theorem 1.3{on

page[§]is proven.
Im(z)
w1 + Wa
. Wa
- b ~—) R
0 w1 e(z)
[ ] L] [ ] L]

Figure 1.4: Torus C/A with fundamental parallelogram.



Chapter 2

Division Polynomials and Torsion
Structure

Having established the geometric group law, we now turn to an algebraic characterization of
the torsion points. To do this, we require a sequence of polynomials that vanish precisely at

the points of order n. These are the division polynomials.
2.1 Division Polynomials

Let F' be an algebraically closed field of characteristic different from 2 and 3. Let C' be an

elliptic curve given by the Weierstrass equation
C:y’=a>+ax+0b, abecF

In this section, we construct the division polynomials ¢,,, which are defined recursively and
correspond to the multiplication-by-n map. We restrict our attention to curves with integer

coefficients a and b, viewing them as defined over Q, the field of fractions of Z.

Definition 2.1. The division polynomials 1), € Z|x,y] are defined recursively as follows:

Base Cases:

¢2 - 2y7
Vg = 32t 4 6ax® + 12bx — a?,

Yy = 4y(z® + bax® + 2002° — 5a*x? — dabx — 8b* — a?).

11
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Where a, b € Z.

Inductive Steps (n > 2):

Vont1 = Pnpoh2 — b3 1, (2.1)
2ythan, = U (Yng2¥2_1 — Ynotb2,1) . (2.2)

To ensure the map is well-defined, we must verify that the recursive division by 2y yields

a polynomial.

Proposition 2.2. For all m > 1, 1, € Z[xz,y|. Furthermore, considering ., as a

polynomial in variables x and y:
1. If mis odd, then 1, € Z[z)|.
2. If m is even, then 1, € 2y - Z[x].

Proof. We proceed by induction on m. The base cases m = 1, 2, 3, 4 satisfy the proposition
by inspection. Assume the proposition holds for all integers £ < m.

We first examine the recurrence for when m is even, letting m = 2n:

_ U

¢2n_@

(Y22 — o o??,)) .

* Case 1.1: m even, n even. By the inductive assumption, v,, is a multiple of 2y, so
Yn/2y € Zlx]. Since n is even, n & 2 are even and n £ 1 are odd. The expression in

parentheses is of the form 2y - f1(x) — 2y - fao(x), thus ¥y, € 2yZ[z].

» Case 1.2: m even, n odd. Since n is odd, 1, € Z[z]. However, n £ 1 are even, so
they contain 2y. The term in parentheses becomes (...)(2y...)% — (...)(2y...)3,

which is divisible by 412. Dividing by the external 2y leaves a factor of 23.

We now examine the case for when m is odd, letting m = 2n + 1:

3 3
Q/)Qn—&—l = wn-&-an - wn—lwn—i-l'
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» Case 2.1: m odd, n even. By the inductive assumption, ¢,,, ¢, 12 € 2yZ[z]|. Thus
a0t = 16y* f for some f € Z[z]. Substituting y* = 2* + ax + b ensures the term

is in Z[z]. The same applies to the second term since n + 1 are odd.

* Case 2.2: m odd, n odd. By symmetry, the parities of the terms swap, but the result

remains strictly in Z[x] after substituting for the y factors.
Thus, in any case, the proposition is fulfilled. 0

This proposition is useful; in particular, when looking at (odd) prime torsion points,
we need only look at roots of a univariate polynomial. A simple corollary describing the

auxiliary polynomials defined by:
G = T — Yn1¥n1,
Aywn = Ypi2Wi_| — Ynoothn 1.
Corollary 2.3. For every natural number n:
i ¢n € Z[z].
ii wy, €y - Zzx]forn odd, and w, € Z|x] forn even.
Proof. We prove cases [l and [ii] separately.

Proof of i By definition ¢,, = 2102 — ), _19,11. If nis 0odd, ¥, € Z[z] and ¢+, € 2yZ][z],
making v, 1,11 € 4y*Z[z]. If nis even, 1, € 2yZ[z] and ¥, € Z[x]. In both cases, y?

substitutions leave ¢,, € Z|x]. O

We next prove the case for w,,.

2 2
Proof of[il, We use the recurrence w,, = 222%n-1 4yw”_2w”“ . Also let f,, be defined by:

s [ if i odd,
"\ n/2y  ifieven.

We use this notation to emphasise the fact that f,, € Z[z| for every n as proven before.
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e Subcase 2.1: n odd. The numerator is of the form 4y?(f) where

f= fn+2f271 - fnf2fz+1-

We claim f is a function in Z[z]. By [Proposition 2.2} since n is even, f is of the form
(fa2) - fo1)*=(fa2) Q- far1)® = 492 (fara) (fa1)* =402 (fa—2) (far1)” =

4y° (fn+2f371 - fn—2f72L+1)' Dividing by 4y leaves y - (fn+2f371 - fn—2f3+1) S

y - Zlx].

* Subcase 2.2: n even. The numerator is of the form 2y(f,12f2_| — fu_2f7,1) Where

fn 1s defined as above. Dividing by 4y yields

1
5 (Fnsafios = facafai): (2.3)

To show this is in Z[xz], we must show the f,i2f2 | — fu_2f2,, is divisible by 2. By

which we have yet to prove, the reduction modulo 2 for f,, 12 and f,,_ is

given by:
n;L?(xQ —l—a)%)%@ (mod 2) = (g + 1> (x2+a)w (mod 2)
and
2t L () ) ey

respectively. Since (5+1) = (§ —1) (mod 2), welet ¢ € {0, 1} denote this common

coefficient. Applying the congruences from the Lemma, we have:

(n+2)%2-4

foro=c(@*+a) = (mod 2)

n 2_ 2 n 2_
3ﬂz((a:2+a)(i2 1> :(132—|—a)(ﬂ2) : (mod 2)

Substituting these into the expression in (2.3) yields:

n2+4n n2—2n n2—4n n2

R =c@®+a) + (2*+a) 2 —c(z®+a) * (2> +a) e (mod 2)
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By summing the exponents for the first term:

n?+4n+2(n* —2n)  3n?
4 4

And for the second term:

n? —4n +2(n*+2n)  3n?
4 4

Since the coefficients and the exponents are identical modulo 2, the terms cancel:
3n2 3n2
R =c(z*+a)t —c(@*+a)* =0 (mod 2)

This confirms that [2.3is divisible by 2, which cancels the remaining factor of 2 in the

denominator of the recurrence for w,,, ensuring w,, € Z[z].
So we have proven for even and odd n cases for w,. [
Thus, assuming that[Lemma 2.4]is true, we have proven both statements of the corollary. [
We now must prove for even n, f,, o f2_ — fu_2f2,; is congruent to 0 (mod 2).

Lemma 2.4. For the division polynomials 1),, associated with y? = x> +ax -+, the following

congruences hold modulo 2:
1. Ifnis odd, v, = (22 + a)™~D/* (mod 2).
2. Ifniseven, f, = 15—; =2(2* + a)=H/4 (mod 2).

Proof. We proceed by induction on n. The base cases for small n are easily verified. Assume
the lemma holds for all values up ton — 1.

Case 1: nis odd. Let n = 2m + 1. We use the recurrence:

w2m+1 = ¢m+2¢21 - ¢m71¢}9’n+1

* Subcase 1.1: m is even. Then m and m + 2 are even. By |Proposition 2.2} ,,, and

Y2 are both multiples of 2y. Thus, ¥, 2¢2, = 0 (mod 2). The expression reduces

to:

me—i—l = ¢m—1w§n+1 (mOd 2)
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Since m + 1 are odd, we apply the inductive assumption:

am244m 24

= (2% +a) T

(m—1)%2-1 (m+1)2-1

Vomyr = (22 +a) 7 ((:(:2+a) z )3:(x2+a)

* Subcase 1.2: m is odd. Then m — 1 and m + 1 are even, making the second term
vanish modulo 2. A symmetric calculation using v, 91> yields the same result

(since —1 =1 (mod 2)).

Case 2: nis even. Let n = 2m. Let f5,, = 2y1,,,. We use the recurrence:

f2m = ¢m(fr?1—1wm+2 - f72n+11/’m—2)

* Subcase 2.1: m is even. By inductive assumption, ¢, = 0 (mod 2) (since it
contains a factor 2y). Thus fa,, =0 (mod 2), and § = m =0 (mod 2). Matching

the coefficient %

* Subcase 2.2: m is odd. Then § = m =1 (mod 2). Here 1), is odd, and exactly one
of =L or ™ is odd. If ™ is odd, then f,,+1 = (z* +a)~ and f,,—1 =0 (mod 2).

The recurrence then simplifies to:

f2m = wmflerlwme (mOd 2)

Summing the exponents from the inductive assumption:

m2—1+2(m+1)2—4 (m—2)2—4  4m?—4

2
_ —m? 1.
1 1 + 1 1 m

(2m)*

Since m? — 1 = 1 —1 the congruence holds.

2.2 Multiplication-by-n Map

The results of the previous section give us insight on how nicely the division polynomials
work. In this section we will discuss why these are important and are being studied. The
following lemma shows us the degree of the leading term; again, this will be useful in the

study of torsion points.
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Lemma 2.5 (Degrees and Leading Terms, cf. [Was08, Lemma 3.5]). For the division

polynomials 1), and ¢,,:
1. If m is odd, v, is a polynomial in © with leading term ma(™ /2,
2. If m is even, vy, is a polynomial in x multiplied by vy, with leading term my:c'(m2_4)/ 2,
3. ¢m(x) is a polynomial in x of degree m? with leading coefficient 1.

Proof. We proceed by induction on m. The base cases m = 1,2, 3, 4 satisfy the lemma by
inspection. Assume the lemma holds for all integers £ < m.
We first examine the leading term of v,,,. Consider the case where m = 2n + 1. The

recurrence relation is:
3 3
Yony1 = Uiy, — Y1V,

Assume n is even (the case for odd n is structurally identical). By the inductive assumption,

the leading terms (It) are:

n+2 2_ n27
It i2) = (n+ 2z 2 1t(th,) = nya" =
(n+1)2—1 (n—1)2—-1
lt<¢n+1) = (n + 1)3: 2 ) lt(¢n—1> = (n - 1)“75 2

Substituting these into the recurrence and substituting y? = 3

(n+2)2—4

* The first term 1,513 has leading coefficient (n+2)n? and an z-exponent of “5—+

n2—4 __ 4n2+44n
3( 5 )+6—T+~

* The second term t,,_113 , | has leading coefficient (n — 1)(n + 1)* and an z-exponent

(n—1)2-1 (n+1)2-1Y __ 4n2+4n
of B g (0Pt) _ st

Subtracting the coefficients:

(n+2n*—(n—-1)n+1)P=n*+20" - (n*+2n* —2n - 1) =2n+ 1

@nin?a1 m?-1
2 = mx 2

Thus, 1t(¢2n+1) = (27’L + 1)1’
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Next, we examine the case where m = 2n. The recurrence relation is:

-2

¢ ¢n+2¢ wn—ﬂbgﬁ-l)

Assume n is odd. By the inductive assumption:

n“—1

1t(¢),) = na 2
(n+2)2—1 (n—1)%2—4
t(pio) =(n+2)z 2, ItWp)=n—-1yzs 2
(n—2)2-1 (n+1)2—4
It(pn2) =(n—2)z" =2,  It(hps1) = (n+ 1y

Substituting these into the parentheses and using y? = x3:

o First term: 1t(¢,4202 1) = (n + 2)(n — 1)%x et (n® —3n +

2)I3n22+3

* Second term: 1t(¢,, 292, ;) = (n — 2)(n + 1)z et = (n® —3n —

3n2+3
2

2)x
The difference inside the parentheses is:
(n®*—=3n+4+2)—(n*—-3n-2)=4
So the bracketed term is 4x gkt . Multiplying by the external factor:

n2—1
2 n? 2 n?
lt(w%) _ nx (41’3 2+3> _ nx4 2+2
2y Yy

Multiplying the numerator and denominator by y gives 2”y 22"+ Since y? = 23, this

simplifies exactly to:

m*—4

1t(vo,) = 2ny:v2”2_2 = myx 2

Next, we examine the case where m = 2n, and n is even: Here, ¢,,, 1,12, and ¢,,_, are

even-indexed (contain a y factor), while ¢, ;1 and 1,,_; are odd.

(n+2)2 -4
2

2 'n2
o 1t(, 0?2 )= (n+2)(n—1)%yz z=D =1 = (n? — 3n + Q)yxdT.
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2 g (=274 (12 3 3n?
(Y _ovr ) =(n—-2)(n+1)’yz 2 «x =(n’—3n—2)yx"2 .

n? . n2—

The difference inside the parentheses is 4yx37. The external factor is lt(;;") — mya! 5 Rl

’n27 . . . n27 2
5T 2 : (the y factors cancel). Multiplying these together yields 2nyw4 = myx

L —

2

Both sub-cases yield the exact same leading term, confirming the inductive step for even
m. This confirms the inductive step for all m.

Finally, we prove the case of ¢,,,. By definition, ¢,,, = 292, — ¥y, 194 1. If m is odd,
Y1 and 1, are even, so their product contains y? = z*. If m is even, 12, contains
y? = 3. In either case, calculating the leading terms using the previously established results

gives:

m-x

o« lt(zg2) = - (mzxm2_1> — 2pm?
m—1)24(m+1)2—2
o t(Vm—1¥my1) = (m—1)(m + 1)x%

= (m? — 1)xm2.

Combining these results:

(o) = m2z™ — (m? — 1)mm2 =™

Thus, ¢,, is monic with degree m?.

A corollary to this lemma shows a stronger structure of the polynomials

Corollary 2.6. On the curve y* = 23 — z, and for odd m, 1., = ma™ /2 +1. In fact
we claim that:

© P =ma™ V2. L1 form=1 (mod 4)
« P, =ma™ /2. 1 form =3 (mod 4)

Proof. We have proven in that the leading coefficient is as shown. We now must

prove the claim regarding the trailing coefficient. We prove this by induction on odd m.

Note that it suffices to show that the constant term of 1,,, is (—1)(m~1)/2
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3 — x, wehave ¢, = 1 and

For the base cases, from the definition of the curve y? = x
3 = 3z — 622 — 1. Their constant terms are 1 and —1, which perfectly match the formula
form =1and m = 3.

Let m = 2n + 1. Assume this condition holds for all odd division polynomials up

to 19,_1. We evaluate 1)y, 1 using the standard recurrence relation: g, 11 = V4203 —

¥n—192 . . This breaks into two cases based on the parity of n:

1. Case 1: n is even. Let n = 2k. Then our index is m = 4k + 1 = 1 (mod 4), and we

must show the constant term is 1. As proven in [Proposition 2.2| 1, has a factor of y

because n is even. Consequently, the term ), 121> has no constant term. The constant
term of 19,1 is therefore entirely determined by —1,,_1%3, ;. Their constant terms
are (—1)#=2/2 = (—1)*1 and (—1)®*)/2 = (—1)*, respectively. Multiplying these
gives —(—1)F - (—1)F)P = —(~1)% = 1.

2. Case 2: nis odd. Let n = 2k + 1. Then our index is m = 4k + 3 = 3 (mod 4),
and we must show the constant term is —1. Here, n + 1 is even, so v,,.1 has a factor
of y. By the exact same logic as Case 1, the term —1,,_1%);> | has no constant term.
The constant term of 1)y, ; is therefore determined by t,,;2%3. Their constant terms
are (—1)(2k+2)/2 — (_1)k+1 and (—1)2%)/2 = (—1)*, respectively. Multiplying these

gives (— 1)1 ((—1)F) = (~1)%H = 1.
In both cases, the constant term matches our formula, completing the induction. [

We now have the tools to discuss the main objective of this chapter and motivation
behind the study of division polynomials, that is we can define a general multiplication-by-n

map for points on a curve.

Theorem 2.7. Let P = (z,y) € C such that nP # O. Then

B Pn(P)  wn(P)
P = (S o)
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Proof. We again use the powerful tool of induction on n. For n = 1, the statement is trivial
since Y1 = 1,¢; = x,w; = y. For n = 2, the formula follows immediately from the

standard duplication formula on the Weierstrass curve. Recall from

xt — 2ax? — 8bx + a?
2| P) =
=([21P) 43 + dax + 4b

Calculating ¢, /12 using the definitions ¢y = x1)3 — t31); and 1y = 2y yields:

x* — 2ax% — 8bx + b?

#([2P) = 7

Notice the denominators are different but by substituting y? = 23 +ax+b in the denominator,
we find they are equivalent.
For the inductive step, we utilize the addition formulas. Specifically, we assume the

formula holds for n and n — 1. From the group law, we have the relation:

i ¢n—1¢n+1

Tpi1 — Tpo1 = T(fvn — )7,
n

where ;. denotes the x-coordinate of [k]P. By the definition of ¢,,, we have x,, = ¢,, /2.
Substituting this into the left-hand side and manipulating the recurrence relations (from
(2-1) and 2.2)) allows us to verify that x,,. satisfies the required form ¢,1 /12, . The
y-coordinate follows similarly from the fact that we are working from a curve y? = 23 +

ar +b O]

Corollary 2.8. Let n € Z*. A point P = (z,y) € C' is an n-torsion point if and only if
n(P) = 0. That is, the roots of the division polynomial 1,, are exactly the x-coordinates of

the points in E[n] \ {O}.

Proof. By definition, a point P is an n-torsion point if and only if [n] P = O. In the context
of the rational functions defined in Theorem the point at infinity O corresponds to the
pole of the coordinate functions. The z-coordinate of the multiplied point is given by the

rational function:
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If ¢,, and ¢)2 shared a root P, then the map [n] would be defined and finite at P, implying P
is not an n-torsion point. However, in we proved that E[n] & Z/nZ x Z/nZ,
which implies that | E[n] \ {O}|=n* — 1.

Since 9?2 is a polynomial in z of degree n? — 1, it has at most n> — 1 roots. Because
each of the n? — 1 non-trivial torsion points must be a pole of the z-coordinate function,
they must all be roots of the denominator. There is, therefore, no room for ¢, and 9?2 to
share a root. Consequently, the x-coordinate becomes infinite if and only if the denominator

vanishes. Specifically:

Thus, the non-trivial n-torsion points are precisely those points whose x-coordinates are

roots of the n-th division polynomial ,,. [

With the construction of the division polynomials is complete. We have
shown that these recursively defined sequences provide a closed-form expression for the

multiplication-by-n map. These torsion points and roots of division polynomials will be

studied in more general in on page 30|



Chapter 3

Complex Multiplication and Special
Maps

In the previous chapter, we derived the multiplication maps for integers [n]. However, the
specific curve y? = x®+x admits a larger ring of endomorphisms isomorphic to the Gaussian

integers Z[¢]. In this chapter, we derive the explicit maps for these complex endomorphisms.

3.1 Derivation of the Gaussian Integer Multiplication Map

The curve C' : y?> = x® + x possesses an automorphism defined by the imaginary unit i:
1] (2,9) = (=2, iy).

Consequently, there exist Gaussian torsion points such that for 7 € Z[i], [7]|P = O.

Example 3.1. Consider 7 = 1 + i. A point P is in the kernel if (1 + )P = P + [i{|P = O.

The norm is N (1 + i) = 2, so these points lie inside F[2].

3.1.1 Derivation of V. and ¢,

Let m = n + im be a Gaussian integer. The point [7] P is given by [7|P = nP + [i|(mP).

Let P, = nP and P, = [i](mP). Substituting the standard division polynomials:

23
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Using the addition law for y? = 2 + z, the z-coordinate of the sum P3 = P, + P, is:

(21 4+ 22)(1 + z122) — 2192
(29 — 21)? '

T3 =

The Denominator and Numerator

We now must substitute our x, y points from the n, mi derivations, to find (n+mi)P = [r]P.

For simplicity sake, we will split this into numerator /N and denominator D.

D: for this case we will look specifically at (zo — 21)?. Substituting from (3:1)) and (3.2)),

W€ S€e:

Sm Du\’ Ont2 + 02 \° (V2 + G2’
D:(”“"Z_“)Z:<_%_w_%) :(_ TR ) - o |

N for this case we will look at (7 + 2)(1 + z122) — 2y1y». Substituting, we see:

L R Rt o JICE B I 1

Breaking this down even more we will look at the (z1 + 23) term which simplifies as

such:
(- 5) = (") G
Looking at (1 + zy25):
(1 e _%) - < TERT ) G4

We multiply (3.3) and (3.4):

Vrbr Yt B
B Umn

Finally we look at 2y, ys:

? (E) <wa> = T,
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Adding this together we get

a Vmtn '

Notice that N and D have common denominators, put it all together to find % yields:

AP = G2 + a2,

While in the denominator \/5 =: U, derived from the addition law correctly vanishes
on the 7-torsion points, its degree N (7) — 1 indicates that it is the product of the 7-division
polynomial and its conjugate, ¢, - ¥z. This is expected, as the x-coordinate addition law
is symmetric with respect to m and 7. To apply the Eisenstein criterion, we must isolate
the irreducible factor ¢, € Z[i][x] whose leading coefficient is 7. As seen in the following
examples, this factor possesses a constant term that is a unit in Z[¢], while all intermediate

coefficients are divisible by 7. For completeness, we define:

U= dpth2 + duthr, (3.5)

We derive €2, from our x value, substituting into our curve equation.

Qr = Wt [V2, (P2, + Gmtb2)? — (G002, — dumtb2)?]

+ 4iwnwm((bn¢fn =+ ¢m¢721>

So we have derived a map:
o, QO

= (G55

3.2 Arithmetic Properties and the Eisenstein Property

We now examine the reduction of V... This serves as the foundation for proving that the

torsion fields generate totally ramified extensions. Using a computer for prime m, we
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comput Wy 9; and Wo ;. This script simply uses induction to find all ¢),, needed and does

the multiplication as defined for W,

\I/1+2i = 51’4 + 2.1'2 + 1,

Uy, g =132 — 262'° + 392° + 22825 + 2352 + 2222 4 1.

Uy, o; can be factored into ((1 + 2i)x? + 1)((1 — 2i)a® + 1). These factors clearly are
irreducible by Eisenstein criterion with prime m = 1 + 2¢ and 7 respectively. ¥, 3; can be

factored as such:

Uy 3 = ((2+3i)2® + (4 — 7i)z* + (10 — 114)z* — i)

(2 = 3d)2 + (4 4+ 7))t + (10 + 114)x? +4).

We will show that this satisfies Eisenstein criterion. We check individually that (4 — 73) |
(24 3i), and (10 — 114) | (2 + 3i). Calculating (2 + 3¢)(—1 — 2¢) = (4 — 7i) this implies
that (4 — 7i) | (2 + 3i), calculate (2 + 37)(—1 —4¢) = (10 + 114). Thus (2 + 3¢) (which is a
Gaussian prime) divides all but the constant coefficient and 72 {7, so it satisfies Eisenstein.
The same calculation can be done on the second factor, we claim that all coefficients are
complex conjugates of the first factor.

Thus we claim that W, = 11> where 1, is irreducible for Gaussian prime 7. In order
to prove this, we must first show that ¥ can be split into these polynomials and that these
two factors are irreducible.

A point P is a torsion point of W, if and only if z([m]P + [ni] P) vanishes. Thus occurs
if and only if [m|P + [ni]P = O

We would like to study how this torsion group looks and how we can interact with it.

The following theorem builds from on page[§]

Theorem 3.2 (Structure of the Gaussian Torsion Subgroup). For p-torsion points on the

curve y* = 13 + x:

IThe python script used for calculating can be found in|Appendix A|on page
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(1) If p=1 (mod 4), the p-torsion subgroup is
Elp] = E[r] ® El7]
for Gaussian integer T such that p = 7.

(2) If p =3 (mod 4), the p-torsion subgroup is indecomposable.

Proof. We first consider the case Let V = FElp|. Consider the multiplication by
i map we have been studying in this section. [i|P = (—uz,1iy), taking this map twice

[i{]?P = (z, —y) = — P, thus [i]*> = [—1]. Think of the multiplication by 7 map as a matrix:

2 = (‘01 _01> 3

Thus [i]> + I = 0, finding eigenvalues and eigenvectors of this matrix leads to the character-
istic polynomial ? + 1 = 0 for some ¢. Since p = 1 (mod 2), there exists some A such
that \> = —1 (mod p) (i.e. > +1 = (o — A)( + A).) Thus the eigenvalues are \, —\ and

since they are distinct (since A # 0), they are linearly independent, and:

Va=A{P € Elp| | li]P = AP}

Voa={PecEl]p||[i{]P = -\P}.

Thus for V), [i] P = [A] P this implies [¢{| P — [\]P = 0. So V), = ker([7] — [\]). Similarly
for V_, = ker([i] +[A]). The map [i] + [A] corresponds to 7, and the map [i] — [A] to 7. Thus

Vi = E[r] and V_, = E[x]. Since E[r] and E[7] are linearly independent eigenspaces:
Elp| = E[r| & E[7].

We now consider the case Let V = E[p]. Since p is a prime not dividing the
discriminant of the curve, V' is a 2-dimensional vector space over the finite field IF,,. The
endomorphism [i] acts as a linear transformation ¢ : V — V satisfying the relation
®*+1=0.

The minimal polynomial of ¢ is P(p) = ¢* + 1. For V to be decomposable as a

Z[i]-module, it must possess a 1-dimensional invariant subspace (a line) W' C V such that
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¢(W) C W. The existence of such a subspace is equivalent to ¢ having an eigenvalue
A e,

However, the eigenvalues of ¢ are the roots of <p2 = —1 (mod p). However, —1 is a
quadratic non-residue for all primes p = 3 (mod 4). Consequently, p? + 1 is irreducible
over [F,,, and ¢ has no eigenvectors in V. Since there are no proper non-trivial invariant

subspaces, V' is indecomposable. In fact, V' is a simple Z[i]-module in this case. [

This will be required in order to show that W is reducible. We finally will prove the main

theorem of this chapter.

Theorem 3.3. For a Gaussian prime 7 € 7Z[i), the polynomial V. factors as V., = ;1= in

Zli][x). Furthermore, the factor 1, is irreducible over Z[i|.

Proof. By Theorem the p-torsion subgroup for p = 77 decomposes into the direct sum

of the kernels of the maps [r] and [7]:
Elp| = E[r| & E[7].

The roots of the division polynomial W, are precisely the x-coordinates of the non-trivial
points in E[p|. Since the z-coordinate map is symmetric with respect to the eigenspaces of
[i] and [—i], the polynomial must partition into factors corresponding to these subspaces.
We define 1, € Z[i|[x] to be the polynomial whose roots are the z-coordinates of the points
in E[r] \ {O}. Because the map [r] is defined over Z[i], the coefficients of 1, lie in the
Gaussian integers. Thus V., = 1,1x.

We show that 1, satisfies the Eisenstein Criterion over the Z[i] with respect to the prime

element 7:

1. Leading Coefficient: The leading coefficient of the 7-division polynomial is 7 (up to

a unit). Since 7 is prime in Z[i], it follows that 7 | 7 but 72 { 7.

2. Intermediate Coefficients: Let E be the reduction of the curve E modulo the

prime ideal (7) over the finite field IF,,, where p = N(m). The reduction of the
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endomorphism [r], denoted [7], is the p-th power Frobenius endomorphism [Sil94,

Chapter II, Proposition 5.3]:

7]+ (2,9) = (2%, 9P).

—~

The Frobenius map [r] is a purely inseparable morphism of degree p. A fundamental
property of purely inseparable maps is that their kernel consists only of the identity

element O with multiplicity. Consequently, [x](P) = O for all points P € E(TF,).

3. Constant Term: By Corollary 2.6| the trailing coefficient of the division polynomials
for this curve is a unit in Z[i] (specifically 1 or +3). Since units are not divisible by

any prime in Z[i], we have 7 { ¢,(0).

Having satisfied these conditions, 1, is irreducible over Z[i]. By symmetry of the

complex conjugation map, v» is likewise irreducible. [

Thus we have constructed a polynomial 1. such that it is irreducible and whose roots

correspond to Gaussian prime torsion points on the curve y? = 23 + x



Chapter 4

Abelian Extensions of (%)

In this chapter, we explore the utility of the division polynomials ¢, derived in (Chapter 3
We demonstrate that the coordinates of the m-torsion points generate specific field extensions

over Q(7) and that we can precisely control the degree of these extensions.
4.1 The Division Polynomial and x-Coordinate Extensions

We first establish a structural property of the division polynomial ., which connects to
the geometric symmetries of the curve F. In particular, the complex multiplication map [i]

induces the transformation z — —x on the x-coordinates.

Proposition 4.1. The roots of the w-division polynomial 1, (x) for E : y* = 2* + z are
closed under the map x — —x. Consequently, V.(z) is an even polynomial and can be

factored into terms of the form (z* — 7).

Proof. Let z; be the z-coordinate of a point P € E[x| \ {O}. Since E[r] is a Z]i]-module,
if P € E[r], then [i{]P € E[r]. For the curve E : y* = 2* + z, the complex multiplication
map [i] acts on the coordinates by [i|(x,y) = (—=z,iy). Thus, the z-coordinate of [:] P is
—x;. Since [i] P is also a m-torsion point, its z-coordinate —z; must also be a root of ¢ (x).
This shows that roots occur in pairs ;. Therefore, 1 (x) is an even polynomial, leading

2 2
to the factored form [J(z* — z5). O
With the structure of the roots established, we now demonstrate that the field extension

constructed from these x-coordinates is independent of the specific root chosen.

30
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Theorem 4.2. Let x; and x), be any two roots of the irreducible w-division polynomial

Yr(x). Then K(x;) = K(zy).

Proof. Let P; = (x;,y;) and P, = (xy,ys) be the corresponding 7-torsion points on E.
Because 7 is a Gaussian prime, the quotient ring Z[i] /7Z][i] is a finite field. Furthermore,
the 7-torsion subgroup E[r] acts as a 1-dimensional vector space over this field.

Since x; and x, are roots of the irreducible division polynomial, P; and P, are non-trivial
torsion points (P # ). In a 1-dimensional vector space, any non-zero element serves as a
basis. Therefore, I, must be a scalar multiple of P°; by some non-zero scalar. Thus, there
exists a unit o € (Z[i]/7Z[i])” such that P, = [a] P;.

As established in [Section 3.1.1{on page [23| the xz-coordinate of [«]P; is a K -rational

function of x;:
_ ¢a (CL’J)
YZ(z;)

This implies z, € K (x;) for all roots x. Since K (x;) contains all roots of the irreducible

Tk

polynomial v (), it is the splitting field over K. Therefore, the extension K (x;)/K is a

Galois extension. Because any root generates the splitting field, K (z;) = K (xy). O

Before determining the Galois group, we must formally establish the degree of the field

extension generated by the z-coordinate by analyzing the degree of the division polynomial.

Lemma 4.3. Let K = Q(i) and let x1 be a root of the irreducible w-division polynomial

(). Then the degree of the extension is

N(m)—1
—

Proof. Because we established in|Chapter 3|that ¢, () is irreducible over K, it serves as

[K(21) - K] =

the minimal polynomial for z;. A fundamental property of field extensions dictates that
[K(x1) : K] = deg(¢,). We will determine this degree algebraically using the leading
terms established in

Recall from [Section 3.1.1|that for 7 = n + im, the composite polynomial is defined as:

\I]7r = qud]?z + Cbn%/)%l
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By |Lemma 2.5| for any integer k, the polynomial ¢ () has degree k2.

We now determine the z-degree of /2 (). If k is odd, 1, (z) has degree £=1

“5—, making

the degree of its square exactly k% — 1. If k is even, 1 (, y) has a leading term of the form
yz¥*=49/2_ Squaring this yields y2z* ~*. Substituting the curve equation y2 = z3 + z, the
highest power of 2 becomes 22 - 2*° 4 = z¥*~1, Thus, for any k, deg, (¢?) = k? — 1.

We can now find the degree of the terms in W_.:

deg, (¢ppm2) =m* +(n* = 1) =m?* +n* -1

deg, (¢nt2,) =n" + (m* — 1) =m® +n’ — 1

Because the norm of the Gaussian integer is N (7) = n? + m?, the degree of the composite
polynomial ¥ is exactly N(7) — 1.

In we established the factorization U, = v,1)= over Z[i][x]. Because
complex conjugation is a field automorphism, it preserves the degree of polynomials,

meaning deg(1);) = deg(t=). Therefore:

2 deg () = deg(Vr) = N(m) — 1

N(m)—1

deg(djﬂ) = 9

Since 1, is the minimal polynomial of z, the degree of the field extension is N(T;)_l. 0

Because K (z1)/K is a Galois extension, we can precisely determine the structure of its

Galois group by utilizing the torsion maps.

Theorem 4.4. Let K = Q(i) and M = K(z1), where 1 is a root of the irreducible -

division polynomial 1. Then M /K is a Galois extension with a cyclic Galois group of

order —N(g)_l.

Proof. As previously discussed in M : K] = W

For any root . of ¢ (), there exists a 7w-torsion point P, = (z, yx). Since the 7-torsion

E[n] is a cyclic Z[i|/nZ][i]-module, we have P, = [«|P; for some « € (Z[i|/nZ][i])*. The
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x-coordinate map is a rational function z, = f(z1) € K(x1). Thus, all roots of the minimal
polynomial lie in M, making M /K Galois.

Let G = Gal(M/K). Each 0 € G is determined by its action on z;. Specifically,
o(z(Py)) = z([a]P,) for some a. Because z(P) = x(—P), the elements o and —« induce
the same transformation on the x-coordinate.

The map o, — « defines a surjective homomorphism from (Z[:]/7Z[i])* — G with
kernel {£1}. Since (Z[i]/7Z]i])* is a cyclic group of order N (7) — 1, the quotient G is a

cyclic group of order % 0

4.2 The Full Abelian Extension via the y-Coordinate

While the field K (x;) provides a systematic mechanism for generating cyclic extensions, it
is limited to degrees dividing % due to the z(P) = x(—P) symmetry. To recover the
full multiplicative structure of the residue field, we must consider the extension generated
by the y-coordinate.

Our first observation is that the field generated by the x-coordinate is sufficient to

describe the arithmetic of the curve’s equation squared. The following proposition bridges

the extensions generated by z; and ;.

Proposition 4.5. Let P = (x1,y1) be an odd m-torsion point on E. Then

Q(i)(z1) = Q) (7).

Proof. First note that an odd Gaussian integer is one such that N () is odd. Let K = Q(q).
In order to prove this we will show inclusion, then that they have the same degree over K.

Note since we are working on the curve E, y?> = 23 + x, so we will prove that
K(z1) = K(23 + 21).

We first show K (23 4+ 1) € K(x1). This inclusion is straightforward. Since K is a
field and z; € K then so must be 3 and so must be 3 + z;. Thus any field containing x;

must also contain 23 + ;.
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Since both of these are field extensions over K, we have that K (z1) 2 K (23 +1,) O K.

It suffices to show that [K (x;) : K| = [K(x3 + x1) : K|. We have shown in Theorem 3.3|

that the torsion points are generated by roots of ¢, Since v, is irreducible over Gaussian

integers, it is also in the field Q(¢)[x], thus the degree, [K (z1) : K] = deg, = N(’;)_l.

Let p = N(7), and o = 23 + x;. Since we have a sequence of subfields, we know that
[K(x1) : K] =[K(x1) : K(a)] - [K(«) : K]. It suffices to show that [K(z1) : K(a)] =1

Consider the polynomial f(t) = t* + ¢ — o € K(«)[t]. By definition, z; is a root of
f(t). Let x;, be any Galois conjugate of x; over the field K («). Because x5 must also be a
root of f(t), it satisfies 2} + 2, = a = 23 + x;.

Since xy, is a conjugate of x; over K («), it is also a conjugate of x; over K, meaning xy
is another root of the 7-division polynomial ¢, (x). Let P, = (z1,y1) and Py, = (xy, yx) be
their corresponding 7-torsion points on the curve E.

From the curve equation y? = z® + z, the relation 7} + z;, = 23 + z; immediately
implies y7 = yi. Thus, y = +y;. Geometrically, this means P, = P, or P, = —P.

In either case, the symmetry of the curve dictates that their z-coordinates must be
identical, yielding z;, = x;. Because the only conjugate of z; over K(«) is z; itself,
the minimal polynomial of z; over K («) has degree 1. Therefore, [K (1) : K(a)] = 1,
implying K (z,) = K (23 + x1). O

A significant result of the previous section is the ability to generate extensions of degree
p%l for any prime p = 1 (mod 4). By adjoining 3;, we eliminate the symmetry collapse

and double this degree.
Proposition 4.6. The field extension K (y;) has degree N (m) — 1 over K = Q(7).

Proof. Again, let K = Q(7) and let 7 be an odd Gaussian prime. We have established in

that the degree [K (21) : K] = Y=L and in|Theorem 3.3|that the 7-division

polynomial ¢, () satisfies Eisenstein criterion and is irreducible.

By [Proposition 4.5 which we have just proven, we have the field equality K (x;) =

K(y?). To determine the degree [K(y;) : K|, we observe that y; is the square root of
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x3+ 11 € K(x1). The relation y? = x1(x? + 1) ensures that % has an odd multiplicity with
respect to ;.

In any extension where the minimal polynomial is Eisenstein, taking the square root of
an element with odd multiplicity necessarily doubles the degree of the extension. Since the
multiplicity of y? is not divisible by 2, the coordinate y; cannot reside in K (z1); if it did,

that would contradict irreducility and separability of v,.. Therefore, the degree must double:

K() : K] = [ () K ()] - (K ) : K] =2 00—y -,

Thus, the coordinates of a single m-torsion point generates a field extension of degree

N(m)—1. O
We now prove that the Galois group is cyclic and thus the extension is abelian.

Theorem 4.7. Ler K = Q(i) and M = K(y1), where y? = z3} + x1 is a root of the
irreducible T-division polynomial 1p,.. Then M /K is a Galois extension with a cyclic Galois

group of order N(m) — 1.

Proof. As established in|Theorem 4.2} the field M = K (y;) is independent of the choice

of root y;, implying that M contains all conjugates of y; and is thus a Galois extension of

K. From |Proposition 4.6, we have already determined that the degree of this extension is

(M : K] = N(m)— 1.
To determine the Galois group G' = Gal(M/K), we utilize the coordinate maps derived

in|Section 3.1.1l Any o € G acts on the torsion point P, = (z1,y;) by o(P;) = [a] P, for

some « € (Z[i|/nZ][i])*. This induces an injective homomorphism:
p: G — (Lli]/Z[i])"

In the case of the z-coordinate field (Theorem 4.4)), the map x(P) = x(—P) created a

non-trivial kernel {£1}. However, for the y-coordinate, o(y;) = y([o]P1) = y1 implies

[a] P, = Py, which only occurs when v = 1 (mod 7).
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Thus, the map p is an isomorphism. Since (Z[i]/7Z[i])* is the multiplicative group of a
finite field, it is cyclic of order N (7) — 1. It follows that Gal()M/K) is a cyclic group of
order N(m) — 1. O

The extension K () is abelian because its Galois group is cyclic; this implies that all
subextensions are also Galois and abelian.

The fact that the Galois group is cyclic of order N () — 1 allows us to explicitly construct
any cyclic extension of Q(7) with degree dividing N (7) — 1 by taking the appropriate fixed
fields of K (y;).

Example 4.8. We now demonstrate the explicit construction of these extensions using the
Gaussian prime 7 = 1 + 2i. Note that N(7) = 5, meaning the 7-torsion points are a
subspace of the full 5-torsion group E/[5].

From our computational results in the irreducible 7-division polynomial is:

Uryai(e) = (1+2i)2* +1

To find the z-coordinates of the m-torsion points, we find the roots of this polynomial:

,  —1  —1(1-2) -1+2i
1

T

T1+2 5 5

Let K = Q(z). We define our first field extension by adjoining a root z:

1421
ALzK( ;Z>

By [Theorem 4.4, we expect this to be a cyclic Galois extension of degree N@-1 —

= 2. Because x; is the square root of an element in K that is not a perfect square, M,

5=1
2
is clearly a quadratic extension over Q(7), perfectly matching our theoretical result.
However, M, does not capture the full torsion structure. We must find the corresponding

y-coordinate for the point P, = (1, %) on the curve E : y* = 2% + .

yi =2} + o = 21 (a] + 1)
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Substituting our known value for z2:

s (F1E2 5 (442
hi=n 5 5) "\ 5

We now define the full extension M, = M,(y;) = K(y1). By the preceding theorem,

we expect this to be a cyclic Galois extension of degree N (7) — 1 = 4.

Since % is not a perfect square in M,, adjoining the square root of this value strictly

doubles the degree of the extension. Thus, the degree of M, over K is exactly 2 - 2 = 4.

Through the geometry of the curve 3> = 2 + x, we have explicitly constructed a cyclic
abelian extension of degree 4 over Q(¢) by simply adjoining the coordinates of a single
torsion point.

This realization of complex multiplication theory provides an answer to a piece of
Hilbert’s 12th problem, historically rooted in Kronecker’s Jugendtraum. Just as the roots of
cyclotomic polynomials generate the abelian extensions of the rational numbers (Q, we have
demonstrated that the geometric torsion structure of elliptic curves serves the exact same

purpose for the imaginary quadratic field Q(z).



Appendix A

Computational Implementation

A.1 Python Script for Division Polynomials

The following script calculates the division polynomial W, then factors by the given 7 into

wﬂbﬁ .

| import sympy as sp
> import re

+ def format_poly_ latex(poly) :
return sp.latex(poly) .replace (r’ \mathbf{I}’, ’'i’).
replace(’'I’, "i’)

;def is_7Z_1i_ poly (expr):

8 X = sp.symbols (’x’")

9 try:

10 coeffs = sp.Poly(expr, x).coeffs()

1 except (sp.GeneratorsNeeded, sp.PolynomialError):
12 coeffs = [expr]

13

14 for ¢ in coeffs:

15 try:

16 re_part = sp.re(c)

17 im_part = sp.im(c)

I8 if not (re_part.is_integer and im_part.
is_integer) :
19 return False
20 except AttributeError:
21 return False
return True

» def format_grouped_latex(factors_1list):

reg = ""

38
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46

48

49

51

56

58

for f, p in factors_list:
f_latex = format_poly_ latex (f)
if p == 1:

res += rf" ({f_latex})"

else:

res += rf" ({f_latex}) “{{{p}}}"

return res

format_factor_pair_latex (poly, n_map, m_map):
X = sp.symbols (’'x")
pli = n_map + m_map * sSp.I

pi_bar
coeff,

-I1)

f

n_map — m_map * sp.lI
actors_list = sp.factor_list (poly, extension=[sp

psi_pi_factors = []
psi_bar_factors = []

for f, p in factors_list:
if is_Z_ 1 _poly(f):

psi_pi_factors.append((f, p // 2 if p > 1 else
1))

psi_bar_factors.append((f, p // 2 if p > 1 else
1))

else:

test_pi = sp.expand(f x pi)
test_bar = sp.expand(f x pi_bar)
if is_7Z_i_poly(test_pi):
psi_pi_factors.append((test_pi, p))
elif is_Z_i_poly(test_bar):
psi_bar_factors.append((test_bar, p))
else:
psi_pi_factors.append((f, p))

return f"{format_grouped_latex (psi_pi_factors) }{
format_grouped_latex (psi_bar_factors)}"

s def get_psi_basic(n, x, vy):

60

psi_cache = {}
def psi(k):
if k in psi_cache: return psi_cache[k]
if k <= 0: return O
if k == 1: return 1
if k == 2: return 2xy
if k == 3: return 3xxx*4 + 6*xx*x*x2 — 1
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101

102
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if == 4: return 4xyx* (xx*%6 + L*x*x4 — Sxx*xx2 — 1)
m=%k // 2
if k % 2 == 0:

res = (psi(m) * (psi(mt+2)+*psi(m-1)**x2 — psi(m-2)

*psi(m+l)*x2)) / (2*y)

else:

res = psi(m+2)xpsi(m)**3 — psi(m-1)*rpsi(m+l)«=3
psi_cache[k] = sp.expand(res)

return psi_cache[k]
return psi(n)

def main () :
try:
n_map = int (input())
m_map = int (input())
except ValueError:
return
X, Yy = sp.symbols('x_v")
curve_eq = x**3 + X
def clean_poly (expr) :
return sp.expand (expr) .subs(y*x2, curve_eq) .expand()
p_n = get_psi_basic(abs(n_map), x, V)
p_m = get_psi_basic(abs (m_map), x, V)
phi_n = clean_poly(x x p_n*x2 — get_psi_basic (abs (n_map)
+1, x, y) x get_psi_basic(abs(n_map)-1, x, Vv))
phi_m = clean_poly(x * p_m*xx2 - get_psi_basic (abs (m_map)
+1, x, y) * get_psi_basic(abs(m_map)-1, x, Vy))
Psi_pi_final = clean_poly(phi_m * p_n**2 + phi_n * p_m
*%2)
print (format_poly_latex (Psi_pi_final))
print (format_factor_pair latex(Psi_pi_final, n_map,
m_map) )
if name == "__main__ ":
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A.2 Computational Results

This section provides numerical verification for the algebraic properties of the Gaussian
endomorphisms derived in By utilizing the symbolic algebra implementation
in Section A.1] we have calculated the division polynomials for several Gaussian primes 7
where N(7) =p =1 (mod 4).

The primary goal of these computations is to demonstrate the factorization ¥, = ¢z,
verifying that the p-torsion subgroup indeed decomposes into two distinct eigenspaces of

the endomorphism ring Z[].
A.2.1 Factorization and Eisenstein Verification Table

Table A.2.1{on the following page lists the irreducible Gaussian factors 1. (x) for the curve

y* = 23 + x. All intermediate coefficients are checked for divisibility by 7 in Z[i].
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Table A.1: Table of small factorizations of W,

Prime 7 | N () Irreducible Factor . (z) € Z][i][z]
1+2 5 (1+2i)2? +1
1—2i 5 (1—2i)z? +1
24 3i 13 (24 3i)a5 + (4 — Ti)z* + (10 — 114)2? — i
2 —3i 13 (2 —3i)a8 + (4 + 7i)x* + (10 + 11i)a® + i
342 13 (34 2i)a® — (7 + 4i)a* — (11 + 104)2? — 1
3—2i 13 (3 —2i)2® — (7 — 4i)az* — (11 — 10i)2% — 1
1+ 44 17 (1 +4d)2® + (20 + 124)25 — (10 + 28d)z* — (12 + 20i)z? + 1
441 17 (4 +1)a® + (12 + 20i) 25 + (28 — 10i)z* + (20 — 12i)2? + 4
2450 | 29 | (2+5i)xt 4+ (76 — 13i)2'? + (246 + 325i) 210 + (520 + 4594)2® +
(398 + 1831)x5 — (148 + 65i)z* — (70 — i)z® + i
54+2i | 29 | (5+ 22" — (13 + 76i)x'2 + (325 + 246¢)2'° + (459 + 520i)z® +
(183 + 398i)x8 + (65 — 148i)z* — (1 — 70i)z* + 1
6+ 37 (6 4 4)2'® + (112 + 105¢)x'% + (168 — 860i)x* + (784 —
3372i)z' + (996 — 3682i)z' + (3088 — 546i)x® + (2600 +
532i)x% + (368 — 2841)x* + (70 — 87i)x* + i
5+4i | 41 (5 + 4i)z® — (158 — 28i)x™® — (2243 + 272i)x'6 — (2824 —
8164)z + (586 — 33367)x'? + (2412 — 119124)z'° + (930 —
133604)x® + (952 — 3568i)z° + (209 + 36i)z* + (130 — 60i)z? + 1




Appendix B

Properties of the Weierstrass p-function

In this appendix, we provide the proofs for the fundamental properties of the Weierstrass
o-function relative to a lattice A C C.

We first show that the function converges in C. The definition of the p-function is given
by:

weA\{0}

Proof. To show p(z) is meromorphic, we examine the general term of the series for |z|<

slwl:
w? — (z —w)
2

2 2

1 1
(z —w)?  w?

22w — 2

w?(z —w) w?(z —w)?

As |w|— oo, the term is O(Jw|™3). A series of the form ZweA\{O}\w\_k converges if and
only if £ > 2. Since k = 3, the series converges absolutely and uniformly on compact
subsets of C\ A. Thus, p(z) is holomorphic on C \ A. The term 1/2? creates a pole of order

2 at z = 0, and by periodicity, at every w € A. ]
Now we will prove that g is an even function (i.e. p(—z) = (2))
Proof. Consider p(—z). By the definition:
g 2 (e )
weA\{0}

Since A is a lattice (a group under addition), the map w — —w is a bijection of the set

43
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A\ {0}. We can therefore re-index the sum:

o=zt B (o) —0

—weA\{0}
Thus, the function is even. O]

We next prove it’s characteristic of double periodicity

Proof. Tt is easier to first consider the derivative ©'(z). Differentiating the series term-by-

term (justified by uniform convergence):

o(z) =2 ﬁ

This sum is clearly periodic for any w; € A, as ©'(z + w;) simply shifts the indices of
the summation. Thus, ¢'(z + w;) = ©'(z). Integrating this equality, we find that for each

generator w;:

o(z 4+ w;) = p(z) + C;
for some constant C;. To determine C;, we substitute z = —w; /2:
p(wi/2) = p(—w;i/2) + C;

Since g is even, p(w;/2) = p(—w;/2), which implies C; = 0. Therefore, p(z + w) = p(z)
forallw € A. O]
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